Abstract. We prove certain stability properties of Springer representations for type A.
Introduction
In his paper [Spr76] , Springer defined a certain representation of the Weyl group of a reductive group on the cohomology of a set of fixed points in the flag variety by a nilpotent element, which we now call the Springer representation. In particular, for various sets of such fixed points, called Springer fibers, the top degree cohomology gives all the irreducible representations of the corresponding Weyl group. Consider Springer representations of type A n−1 , i.e. of the symmetric group of n elements. In this case, if we choose a nilpotent element parametrized by a partition λ, then it is known that the top degree cohomology of the Springer fiber corresponding to this nilpotent element gives the irreducible representation of the symmetric group also parametrized by λ.
In this paper we prove some stability conditions of Springer representations of type A. To be precise, we prove that if some partitions λ, λ ′ of n satisfy certain conditions, then the cohomology of the corresponding Springer fibers on each degree k give the same representation of the symmetric group. Also we prove that there exists a polynomial, depending on the degree k, such that the k-th Betti number of such Springer fiber is the value of this polynomial evaluated at n.
There exists a notion of stability defined by [CF13] and [CEF15] . In this language [MT] proved another version of stability conditions of Springer representations. Note that our result is related to but different from [MT] . We remark the connection between our result and [MT] at the end of this paper.
Notations and preliminaries
We denote by B n the flag variety of GL n (C), i.e. the set of complete flags in C n . We define W n to be the symmetric group of n elements, which is isomorphic to the Weyl group of GL n (C).
Let λ be a partition. We write λ = (λ 1 , · · · , λ r ) to describe each part where λ 1 ≥ · · · ≥ λ r ≥ 0, where we allow some λ i to be zero. We also write λ = (1 r1 2 r2 · · · ) when λ consists of r 1 parts of 1, r 2 parts of 2, etc. We let |λ| := r i=1 λ i and also write λ ⊢ n if |λ| = n. If λ, µ are partitions, then we write λ ⊃ µ if λ i ≥ µ i for any i. It is equivalent to that the Young diagram of λ contains that of µ. Also when |λ| = |µ|, we write λ ≥ µ if λ is greater than equal to µ with respect to dominance order. For a partition λ = (λ 1 , · · · , λ r ) such that λ i ≥ 1, we let λ (i) be the partition whose parts are λ 1 , · · · , λ i−1 , λ i − 1, λ i+1 , · · · , λ r . It corresponds to removing a box on the i-th row of the Young diagram of λ (and rearranging rows if necessary.)
Recall that there is a one-to-one correspondence between conjugacy classes of unipotent elements in GL n (C) and partitions of n. The correspondence sends a conjugacy class to the partition given by taking the sizes of Jordan blocks of any unipotent element in the class. We define u λ to be such unipotent element corresponding to λ ⊢ n, which is well-defined up to conjugation by GL n (C). We let H k (λ) to be the k-th cohomology of the Springer fiber corresponding to u λ , i.e. the set of complete flags in C n which is stable under the action of u λ . By Springer theory, we may regard
to be the k-th Betti number of the Springer fiber corresponding to λ.
Stability of dimension
Suppose we are given r ∈ Z ≥2 , k ∈ N. We let A k,r = (α
Thus A k,r is of the form
r ) with j parts of a k,r r + 1, where 0 ≤ j ≤ r − 1 and j = 1. Note that
By [Spa76] , Springer fibers for type A have vanishing odd cohomologies. (Indeed, it is still true for other types.) Here we prove the following stability property of even Betti numbers of Springer fibers as follows.
Theorem 3.1. For any r ∈ Z ≥2 , k ∈ N, there exists a polynomial f k,r (x) of degree k with leading coefficient 1 k! which satisfies the following property; if λ = (λ 1 , · · · , λ r ) is a partition with ≤ r parts such that λ ⊃ A k,r , then h 2k (λ) = f k,r (|λ|).
Thus in particular, if λ, µ are partitions of ≤ r parts such that |λ| = |µ| and λ, µ ⊃ A k,r , then h 2k (λ) = h 2k (µ). Note that if λ = (n) is a partition with 1 part, then h 2k (λ) = δ k,0 . Thus if we set A k,1 := (1) and f k,1 (x) := δ k,0 , then the theorem is true even when r = 1 (except that for k = 0, f k,1 (x) = 0 is no longer a polynomial of degree k).
Proof. We fix r ∈ Z ≥2 and prove the statement by induction on k. If k = 0, then h 0 (λ) = 1 for any partition λ, thus we simply take f 0,r (x) := 1. Now suppose that k ≥ 1 and that the statement is true up to k − 1. We claim that
satisfies the desired condition. (If k < 0, we use convention that f k,r (x) := 0.) By induction assumption it is clearly a polynomial of degree k with leading coefficient 1 k! . In order to prove the statement, suppose λ = (λ 1 , · · · , λ r ) is a partition with ≤ r parts such that λ ⊃ A k,r . Then necessarily |λ| ≥ A k,r . If |λ| = |A k,r |, then λ should be equal to A k,r and h 
≥ 1 (here we use the fact that k ≥ 1). Also as 0 = λ i ≥ α If as we assume that λ ⊃ A k,r , this case is also clear.
Therefore, by induction hypothesis
As λ (1) ⊃ A k,r , we can iterate this process until we reach A k,r . Then we have
The theorem is proved. 
Thus if λ and λ ′ are comparable with respect to dominance order, then the result directly follows from Lemma 4.1. However, we can always find λ max such that |λ max | = |λ| = |λ ′ |, λ max ⊃ A k,r , and λ max ≥ λ, λ ′ by setting Proof. It follows from Corollary 3.2 and Lemma 4.1.
Remark. [CF13, Theorem 7.1] proved that {H k (B n ))} n∈N is (uniformly) representation stable for each k. Now consider a sequence of partitions λ 1 ⊂ λ 2 ⊂ · · · which has eventually ≥ k + 1 parts, i.e. there exists N ∈ N such that λ N has ≥ k + 1 parts. Then Corollary 4.3 implies that the sequence {H 2k (λ n )} n∈N is eventually the same as {H 2k (B n )} n∈N as representations of symmetric groups. Thus in this case we recover the result of [MT] .
